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0«  Sumraary0 

A number of recent publications have dealt with problems 

of analyzing the performance of multi-component systems and 

evaluating their reliabilityo  For example j, a comprehensive 

theory of two-terminal networks was presented in [1] by Moore 

and Shannon whoB among other resultse have developed methods 

for obtaining highly reliable systems using components of 

low reliability; some of their procedures are credited to' 

earlier work by von Neumann L2]0  A discussion of complex 

systems interpreted as Boolean functions may be found in 

the paper [3] by Mine. 

The present study deals with general classes of systems 

which contain two-terminal networks and most other kinds, of 

systems considered previously as special cases„ and invest!« 

gates their combinatorial properties and their reliability» 

These classes consist,, with several variants,, of systems 

such that the more components perform the greater the probability 

that the system performs.  For such systems it is shown that, 

if each component has reliability p and the reliability of the 

system is denoted by h(pK then under mild additional assump- 

tions h(p) is an S-shaped function, i.e. its graph has the 

shape indicated in Pig, 3.?,.4«1,  -Some of the consequences are 

these;  there exists a critical value of p such that above that 

value the reliability of the system is greater than the 

reliability of a single component and below that value it is 

smaller; for p small the system has a reliability comparable 

to that of a series system, and for p large to that of a 

parallel system; by repeatedly iterating the 3ystem8 i_e0 by 

using replicas of the system instead of single componentss one 



obtains systems with reliability arbitrarily close to 1 if 

one starts with component reliability above the critical value,, 

but with reliability arbitrarily close to 0 if one starts below 

that critical value,, 
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I»  Introduction 

lolo IVhen a very complex device is constructedj, consisting of 

a large number of components, it is often impossible to be quite 

sure that it will perform the task for which it was intended. 

Failures of components due to causes which are hard to anticipate and 

practically impossible to prevent may lead to failure of the ent.ire 

structure»  In such situations, the best one may strive for in 

designing the structure is to attain a high probability that it 

will perform its task»  It has become customary to refer to the 

probability that a structure will perform the task for which it 

was designed as the reliability of that structure^  A simplifying 

{and possibly not quite realistic) assumption is implied in this 

definition of reliability:  it is assumed that a structure can 

only either perform or failc  To emphasize this assumptions, we 

shall sometimes use the terra dichotomic reliability for the 

probability that a structure will perform its task»  It is possible 

to introduce and study a more general concept of reliability which 

accounts also for the possibility of partial performanceo  The 

present s'cudy8 however., will be limited to dichotomic reliability« 

lc2o  A similar situation arises when8 instead of a complex structures, 

one considers single mass-produced componentSc  There again one can 

hardly expect to be sure that all components will perform and can 

only aim at a high probability that a componentj when called upon9 

will perform«  As before8 the probability that a component will 

perform the function for which it is intended will be called the 

(dichotomic) reliability of that component,, 



1030 It should be pointed out that the time element does not- 

explicitly enter into our definition of dichotomic reliability« 

It may.enter in what is meant .by-fperforraing* of "failing^ 

eogo when a structure is said to perform if it functions in a 

certain manner-for'at least 400 hours, and to fail if it breaks 

down before that tiuiec  But there also are practical situations 

' where a structure is considered' as performing when it is.in 

working., order, for instantaneous use,'and not .necessarily for" . 

• any-length-of timö.. Our dichotomic'reliability includes the . 

.ti'me-dependent. reliability as.a speciäl-.:caset,- • .  • . 

•. lo4^' One of the main purposes of a mathematical theory of . 

. . reliability ,13. to develop means by, which one can-evaluate, the 

■ reliability of a structure when the reliabilities, of:its com-• 

ponents are known.  The .present study-will be concerned.with 

. ' this-kind of mathematical developmento  It -will be necessary' 

• for' thi's'puiv^se to- rephrase- our intuitive concepts, of. structure,, - 

.-component, reliability etc» .in more formal language, to re^'"- 

state carefully-, our'assumptions, and-.to ^introduce .an appror 

•'priate raath'ema-tical-apparatuso  -".    --■-.-.       ..•..- 

20  Formal description of a structure ..•"•'      '' .- 

- 2olu  in order to' study .the relati-onships' between -the re-liabilities- 

of the components of ä-structure arid .the -reliability of that. 

structure,, one has to know hoi*; performaince or failure of the 

various components, affects' performance- or' failure of. the- structure» 

For,this purpose we -shall describe the state of any device, single 



.coraponeht or complex structure, by a numerical Value according 

to the code 

"performs*  < •>  1 

Uad) 
•fails»     <—^->  O""  „ 

If a.structure consists of n components it will be called a 

structure of order- n0  The state of all components of such a 

structure- vrill be described by the ri-tuple of variables (a vector 

with n coordinates) .   . 

where- x. "" 1. means ^i-th component performs* and x,. «'0 "means 

■ *i-th'component fails*,. All possible states of the n-tuple x 

are therefore given by the 2a , vectors (O^.Qj o« . 80) „ (1,0,»•. ,0), 

(Ojlj „ „ o JO) 8 o c o (Isl;,. o. ,1) ^ that, is by alL the vertices of an 

n-rdimensional unit cubev Some of these -2n vectors will make our 

structure perform/ and others •will iaake it fail, so that the state 

of the structure may be written as a function of x 

(20lu3)-" '•(fe(?C19x2j)... .»x^) • (t!"(x) 

which'assumes the value 1 . for those vectors, x which make the 

structure perform and the-value- 0 for those which make it failc 

The function . §(x)    will be called the structure-function or9 in 

short.,. the structureo 

By analogy with terms used in the theory of circuits, any 

vector x for which 0{x) ■ 1 will be called a path'for the 
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structure (|) , and any vector x for which (|){x) a 0    a.  cut for 

that structureo 

The number of components performing when the state of all 

components is given by a vector x is clearly given by the function 

of x 
n 

S(x) - >  X4 
1=1 ^ 

which will be called the size of Xo 

The following abbreviations and definitions will be useful: 

0 ■ {090f,t0)     (state in which all components fail) 

_! - (1;1,.•.,!)  (state in which all components perform) 

x'» 1, - x 

x > x or Cx;L!>x2))..<,8xn) > {ylcy2so.c9yn) when x± > y± 

for i *• l>2SoooSn 

x > x when x. > y.  for i - ll2to,Q9n 

and x. > y. for at least one j '0 

2a2o     Examples of structuresc 

202olo     Parallel Components,, 

A structure is said to cor.sist of n components in parallel if 

it is so designed that it fails if and only if all components fail„ 

This structure is described by 

(|»(x1pX25)„,osxn) - 1 - (1-Xj^ (l-XgKoo (1-Xjj) *•  Max (XJ^.OOJX^ 

and its only cut is  (0,0,.,.,0) =0 „ 

2o202o  Components in serieSo 

A structure which performs if and only if all its components 

perform is said to contain its components in series»  It is described 



by 

»pist» BXg8 • o o «X_/ "^ ^i oXgo o »3c *" min vx» gXn$ • «»jx / j 

and the only path for 0 is 1 o 

2o2c,30  «k out of n
8 structureSo 

Let 
1  if S(x) > k 

(|)(x) - 

0  if S(x) < k 

where k is an integerj,  0 < k ^ n a    This structure performs 

when at least k of its n components perform$ and fails other- 

wisec  We shall call it a  •'k out of n* structure.,  Clearly all 

x such that S(x) > k are paths, all others cuts»  For k = 1 

the k out of n structure reduces to the structure with 

parallel components j, and for k = n to the structure with 

components in serieso 

2o30  The dual structurOo 

2o3olo  For a given structure <t>{x)» we define the structure 

0 
(|) (x) - 1 - 0(1 - x) » 1 - (t)(x9) 

and call it the structure dual to 0 „ One verifies immediately 

that if a vector x i-s a path for (j) then x'  i3 a ^^  ^or 

0  and vice versa^ and that  (0 ) " <fl o 

203^20  As an example consider the k out of n structure of 

2o2c30  The dual structure is 

^(x) " 

1 if S(x) > n - k + 1 

0 if Six) < n » k + 1  , 



so that for the k- out of n structure the dual is the 

n - k + 1 out of n structure» In particular for k = 1 

we find that the structure dual to that with parallel components is 

the series structuree and for k = n we obtain the converse 

statement., 

2o4c  Path-numbers and cut-numberso 

A- given structure  $ may have paths and cuts of sizes 

ranging from 0 to n»  We define the path-numbers for a 

given structure as 

(204^1)  A. « number of paths for 0 of size jj, j = O,!,.»., n u 
J 

and the cut-numbers for $ as 

(2o402)  A. «■ number of cuts for $ of size jj,  j = Oglj.oogn 0 

Let Q .     be the set of all vectors of size  j 

(20403),  /^j -  {x°  S(x) - j}  o   ■"   ■■ . . 

Then clearly ■ •   . 

(2o404)   A. - >_ (()(x) '■'„       A* - >_  [1— (|)(x)] 

and since- $.    contains exactly .(?)  vectors and each of them is 

•either a.path or a cut we have 

(2.4.5)   Aj + A* - (*j) . 'o   • • '    ' •'.. • 

Setting •     ' 

A.  s number of paths for (p  of size j" 

, P * xfc 
A.     >•    number of cuts  for      (J)       of  size    j 



we obtain 

(2,4.6)   A^ - A*^ ,  A§* - An-J 

205o Length and width of a structure. 

By analogy with terras used in the theory of circuits we 

define for a structure $ 

(2„5ol)   *• - length of    $    *  smallest  j  such that A. > 0 

(2o502)  w - width of  $ « smallest k such that A,. > 0 0 ■ n—K 

Intuitively speaking,  / is the smallest number of components 

such that, if these components perform, the structure performs even 

if all other n -(  components fail„  Similarly w is the 

smallest number of components such that if they fail the structure 

fails, even if all remaining n-w components perform»  For 

example,, in a k out of n structure / " k,  w = n-k+1 a 

According to (2e5„l) we have . A .. = 0 for j < /» 1»  hence 

by {2o4:<,5).,   A* - (") > 0 for. j <  ^ - 10  But according to 

(205o2)  
A
n_{w-1) .**  0 » hence n-(w-l) > / , and we obtain the 

ine.quality 

(2„5.3)   t+n < n+.l 

2o60 Combination of structureSo 

Up' to now we have always considered one structure of given 

order nc  We shall noiv consider structures of different orders 

and in particular define an operation by which structures of 

a higher order can be obtained from structures of a lower order0 

We shall say that the structure^ of order nfl is a linear 

combination, or,, in short;, s. combination of. the structures \    and 



\i    of order n , when the identity holds 

+ (1 - xn+^) M-tX^B^B " " • 9xn'   
0 

Clearly if X    and g, are structures of order n then the 

right side of C2U601) is a structure of order n+l0  Conversely^ 

every structure (j) or order n+1 can be represented as a 

combination of two structures of order n, i.e» can be written 

in the form (2o6<,l) 8 since one always has the identity 

(206.2) $(xlf.e.sxnÄ^l+1) » xn+1 0(x18.t.osxn,l) + {l-xn+1)<l>(x1!)cOoexn8O 

This representation of a structure as a combination of structures of 

lower order can be carried further step by steps so that 

^^ — ^n^V-l^V " xn(J)(xl^"-'xn-2^n-l«1) + 

+   (l".xn](!)(x1?oo«sxn-ilsO)   - xn[xni_sl(!)(x;1 ^O08xna2$l9l)   + 

* (1-xn-l^xX9"*'»xn-2»0t1^  +   ^1'"xn)i-xn-l^^xlso,CfXn-2!>l90)   * 

"*   (^^„i^^^Xj^so^tXj.^ 2g0,0)]   «  xnxn-Ml (J)Cx18„o.sxnö28lf,l)   + 

i   xn(l*t:>r:
:n„j_)({)lx1soo.sxn<_2?0sl)   +   (l-xn)xni-=1$(x181...gxn>.2flgO)   + 

* {l~Xn)(l-'Xn^1)   «^(Xj^s.-.^^sOsO   ) 

This procedure will terminate when one has reached structures of 

order 0,     i.e. constants which are 0 or 1,  and then it yields 

the representation which can be directly verified 



■ 

(206o3) IX.. 8 Xo s • o o j) X^ ) 

y     y0        y l^vs l=yo 1—y 
^ EZ xi   x2 »oo »^"{l-Xj^)     (i"X2)       oooCi-Xjj)     n(t>Cy1By29o«oynl 

where the sum is extended over all. vectors ^ of ©r'der n o 

2070  Semi-coherent and coherent structures 

2^7.1.  Definitions^ 

Most structures occuring in practice are so designed that if 

a structure performs for a state x of its components then it 

performs for every state X. > x s i«eo whenever some components 

which have value 0  {do not perform) in x are given value 1 

(are made to perform)» This leads us to the following definitions^, 

A structure ({> is semi-coherent when 

(207ol.l)  <t>(v) > ${x)  for all X > 2£ ° 

A structure (j) is coherent if it satisfies ^^ol^l) and 

(207.1o2)   (!)(0) - 0,   0(1) - 1 

Thus a coherent structure is semi-coherentj with the additional 

property that it fails when all its components fail and performs 

when all components perforrau 

For given order n8  there are only two structures which are 

semi-coherent but not coherent:  the structure 0(x) H 0 which 

fails for every state of its components„ and the structure 

C|)(x) m  1 which performs for every state of its componentso To 

see this one only has to note that  Q < x < i for every x j 

hence by (2.70lol) 

0(0) < (Hx) < iMi)  , 

■ ■■ ■ 
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and if $ is not coherent then either ())(0) ffi 1 hence 

4>vx) Ä 1 or 0(1) - 0 and (j)(x) ■ 0 „ 

If (j) is serai-coherent (coherent) then $      is serai-coherent 

(coherent) <> 

2o7o2„ Theorem» 

A structure (J) of order n+1 is serai-coherent if and only if 

it can be represented as a linear combination of the form (20601) 

with X. and p.  'semi-coherent and  ' such that ^(x^ >.. • «X-) > 

lilxs, jo«. „Xj )  for all  (x, „a „ o - x^) o It is coherent if and only 

a)    b) c  ) if 9 in addition to   and   9   either  1'  Xix^jo.. ,xn)"|i(x^go OO9XL) 

for all  (x.8<,0,9x_)  and X^tx is a coherent structure^ or 

2  \ > u for some (x.t<,.*gx ) u 

Proof; 

If (]) is serai-coherent then (2c,6o2) is a representation of 

0  as a linear combination of K(xjg...8Xn) f ^{xj^oo^^x^l)  > 

>  (j)(x, fo,o x pO)' ™ M.(X, j, o.. gX: ) „ hence X    and u are semi» 

coherent and A. > (j. <,  If (j) is coherent then either 

MXjgse.g Xn /  ■* V C X^ s o » e. 5 X^ 9 1 )  ~ (J) ( X-j^ f; o o . j, Xn 9 0 )  ~ M, ( X^ j, o « o ;, X^ ) 

for all  (x, »o o. SXL) , and Ml,...,!) ■ n(l$e..,l) "■ (|)(1; , e . ,1,1) " 19 

XC09..,,0) - n(0,oOO,0) " (!)(0C„„C fOjjO) - 0 and \    and  n a^e 
^ jj: jit sjc ■ 

coherent; or there is an  (x» E £.c.»xn)  such that ^Cx^ , o«»»X^) > 

•^     M- I X* y O U C' , X  /  o 

• If $  can be written 

$(Xn ,o o « ,3^1»Xn+j| )  *• Xn+^X.{X^9 o . o »Xj^J  +  (I
r-Xn+^)H(X-^S, 0 o o jXyj) 

« Xn+1tX(x1,,..sXn) - M.Cxjgcc^)] * 

+ M,{xlso.es,3^) 
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with \    and \i    semi-coherent then 

^ - 0(7!^ ^7n9yn+1) = <|)Cx19(,e.8xn9xn+1) - 

+ xn+1C^(y19..o!,yn)-x(x]L>(,<,.jXn)] * {l»3cn+1)C»i(y1sio..»yn)~M.(x1»ooo3^)l 

Assume y, > x,, s»„c,, y,, ^ > x^., 0 If a}and  ' are satisfied then 

either xh+i - 0 and A« yn+it7v,(yig.. J»9yn) - nCy19o », syn)] * 

* Iv-iy^ ° * * »7n)  » t4xls„oc2xn}:i > 08  or 1 - xn+1 < yn+1 - 1 and 

A   "» ^.(y^ssoojy-) - 'A-Cx,, eooo 9x ) > 0,  hence (j) is semi-coherento 

If in addition Ql'  holds then <l)(xls o»»8xnSxn+j ) » X-Cx^j, o =.« »Xn) 

for all Xjjo.ogX 9 x ,,  and (|) is coherent„  If ' s   and 2 

hold then there is a vector Xp, 0otux*n such that 1  " X(x^8 o»»Bxn) > 

nCx^coo.x*) » 0 s hence (|)(1,... ,181) * l» (|>{09oo. ,0,0) - 0 and 

(J) is coherento 

2C703.  The preceding theorem suggests the following constructive 

procedure for obtaining all semi-coherent structures» 

Let (£     . for n"ls2,o.0j  denote the class of structures 

of order n , defined as follows,, 

v%  consists of the three structures of order onei 

ßoCx]|  such that ßo(0) - ß0(l) - 0 

ßj Cxj I  such that ß., (0) - Ogß^l) - 1 

ß2Cx] )  such that ß2/(0) - ß2(1) " 1  o 
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In concrete terms ^ these are one-component structures such that 

ß  never performs (circuit with one contact j, grounded) j,  ß^ 

performs if and only if the component performs (circuit with 

one operative contact)9 ß- always performs (circuit with one 

contact, shorted)0 

We define 'C,0 as the class of all structures of order 2 

of the form 

(jXx^Xg) ■•   XgMxj) + (l-x2)n(x1) 

H e v.  and KCx, ) > ^.{x, ) for 

Having decined v  we define recursively b-.y     as the 

where K u e u.  and KCx, ) > M-lx, )  for x-, ■ Op! 

'      WC  U.C--J.ilC  i C^UJ. QJ.V CJLJf   t- —4.1 

class of all structures of order n+l of the form 

0(3£1»o..9xnSxltt+1) " ^j^xCx 80Oo9xn) + (l-Xn)j.i(x18oco5Xn) 

Q 
where X,;, p. e I,      and X.(x,,. <,, ,x ) > li.^x^poo.gX ) for all 

( Xt j o 0 • g ^Y^ i o 

Clearly ^3 C ^ C ..»c C &n 
c- ^n+1 C . 0, t  and from 

207„2 it follows that %       is exactly the class of all serai-coherent 

structures of order n» 

2o7o4c  An inequality xor path-numbers» 

Let $ be a serai-coherent structure of order n and 

A ,,A, .„»..A  its path-numbers o Then o .V   s n     ' 

(2o704ol)   (j+D Aj+1 > (n-j)AJ for j=Osl8oooSne 

or equivalentlys 
A.      A 

(2c?o4o2)  -^  < -^A  < '  ' 
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Proof: for two consecutive integers 0 < j, j+1 < n we consider 

the sets  '/.9  "-s+i 
0^ vectors of size j and j+1 ands for 

the purpose of this proof onlys, denote the elements of  / . by 

x and of  ^/-j+x by ^ 0  For each 3Pecific iS » we denote by 

(x) the set of all £ such that i > x: 
% 

y (x) -  [zs £ > x} 

Each set six)     contain«.  (n-,j)  different ^.'So  Since for each 

y there are  (j+1)  different x?s such that X ^ 2£ s  t^16 

collection of all elements of all sets -p (x)  as x ranges 

through // .     forms  (j+1)  replicas of u A+I  •  Therefore 

> 

x e rfL s j/^* 
HZ)   '   (j+D  >__,    0(Z) - (3+1)  A1+l 

and since 

'(x) > > 
x FTj Z F^(x) ' ^' - x ITfj x 7|(x) 

<l>(x) " >Z #(x)(n-j)-(n-J) A. 

we obtain i2^7„4el)o 

2c7.5,>  Inequality i2„7o4<,l) points to the fact that the requirement 

of a structure being semi-coherent imposes considerable restrictions 

on the path-numbers A,0  Several observations are worth making In 

this connection., 

2c7„5„lo  Inequality (2o7„4„l) is necessary but not sufficient for 

a structure being semi-coherent, as is shown by the following 

examplec  The structure of order 3 



0(oso,o) « o 9   4X0,0,1) - i , <!){osi8o) - i 

(|>(0,1,1) - I , 0(1,0,0) - 0 s 0(1,0,1) - 1 

0C1818O) - 0 ,  0(1,1.1) » 1 

has the paths 

of size 0? none 

of size Is (OoOsl) , (0S1S0) 

of size 2s (0,1,1) , (19081) 

of size 3s (1,1,1) 

hence its path-numbers are 

k o 0 , A, p   A  =» ?   A 

and (2u7o40l) is fulfilled^  But 0 is not serai-coherent since 

e0go (1,1,0) > (0,1,0) • and 0(1,1,0) - 0 < 1 - 0(0,1,0) „ 

207o5o2o  If in the sequence of path-numbers A »A, >A^     of a n 
serai-coherent  structure one has    k    & 0    then    A.   - 0    for all 

J 3- 
and if one has A, 

Both statements follow from (207c,4o2) a 

{*)     then A1 - (J)  for all i > k 

2u7o5i,3o  -For 0 coherent, obviously A » Oj A - 1 0  Furthermore 

for the length and width of 0 one has i'> 1  8 w > 1 , and 

inequality  (2o503) becomes 

(2 o« o 5 ü 3) 2 < /+ w < n + 1 
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2.7«6 Reduction of coherent structures. 

2.7.6.1 After a structure is designed, it may be possible 

to simplify it by omitting components which turn out to be 

inessential for its performance. To do this it would be 

helpful to have criteria by which one can tell whether a 

given structure has such inessential components.  A 

criterium of this kind will be given in 2,7,6.4f but before 

it can be stated we need the following definitions^ 

2.7.6.2 Definitions 

A vector z^ is a ainimal path for the coherent structure (j) (x) t 

when $ (z^) • 1 but for every x "^ 2. we have (}) (x) ■ 0. 

A component x. is inessential or a dummy component when 

*P  \X.^$..»jX^^«  0»  Xi+i»*,,»xnr     "    ^  vx^si.,, jX^-j^lg x^+j£i •«o £iXn) 

for all values of x-,,, 0. „ 
xi_Ts xi+i» *,,•» xn0 Otherwise x. is 

an essential component. 

A structure ij) is called irreducible if all its components 

are essential«, 

2.7.6.3 Remarks. 

One verifies easily that if x is a path for a coherent structure 

then there is at least one minimal path ^ such that z    s?   x<, 

If a structure (j)  (x-., ..., x ) has a dummy component x. f 

then we have identically (|) (x,» ...s 
xi«i» x4» xi+l» • •0 » xrJ  " 

""   *P  VX^,  ...£  Xi-.l'^«>XX + l »  **•»  Xn'    *   r*
X18 • • • S^! _T8.XT+T» • o . jX  ) 

so that the component x. can be omitted and the resulting structure 

T with only n-1 components is equivalent with the original struc- 

ture (|) . 
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Let us how consider a structure 0(x18a,.„x ), and assume 

that all its minimal paths are z}     9 z
l  , .,,, z/*' . 

Each of these minimal paths is a vector 

, (j)  „(j)      J 
1  *  2 * • • • * "xi, 

»(j)  .  /,, (d)  2(j)      -U)\   1-12      k 

with coordinates 0 or 1*  We consider the vector defined by 

(2,7,6.3) ^ - (max zj*' , max z^j ...j max z„ ) 

":   (Z-^ ., Z2 »  • • • 9  Zn  ) » 

The meaning of this vector is this:  if z.  = 1 then the 

coordinate Xj assumes the value 1 for at least one of the 

minimal paths, that is the L-th component is required to perform 

for at least one minimal path; if e* "    0 then the i-th 

coordinate does not perform for any of the k minimal paths. 

In particular, If z,  " i then everyone of the n components 

of the structure must perform for some minimal path, 

2.7\,6o4 Theorem. 

Those coordinates of the vector z_      i.i (2o7.6„3) which have 

the value 1 correspond to essential c^mponentSj and those which 

have the value 0 to dummy components.  In particular, a 

necessary and sufficient condition for a coherent structure being 

irreducible is' ^  « 1^ . 

Proof:  ivithout loss of generality we taay consider the coordinate 

z,o If zl  " 1 then there is a raininul path z,    ■ 

-  (zl^zij"'•••• z^3^), say, such that z}n^= 1 hence 

z^n)  ^  (1, z^K   .••» z^n) ),  Since it is minimal and 

(n)       (n)        ^     ^ (0, Zg , 0,0, z^  )< (1, Zg? «.o, z  ) 5, we have 

0 (1, z^n! ..., z^n))  - 1 and  (j) (0, zi,^...., z^n)) - 0S 

and x-  is an essential component. 
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If z,     ^ 0,  then x-,   a 0 for all minimal paths.    Consider any 

vector x ■   (x^»Xo»•••«x^);   it is either a path or a cut,    We shall 

show that in either case <{)  (OjXgf.oe  xn)  " (j)  (IsXg,.,. j,xn),  that 

is x,   is a duaray component. 
(s) If x is a path then there exists a minimal path z/   '     ■ 

- Ulh^f •' *znS^ *  say»  such that -(S) --    and -(3)  " 
- {0,z^s',,a.8z^s, )  <  (0,x2,...fxn) <  (x1,x28v..,.-^1)     - 

= x < (l,x2,.«.8xn), hence (|) (z(s,) - 1 < (J) (0,x2,... ,xn) < 

< <() (l,x2,...!,xn; and 1 « (j) (0,x2f... axn)  «= $ (l,x2,.». ,xn). 

Now consider an x ivhich is a cut.  Then either x-, •» 0 or 

x-, • 1,  If x-, " 0, hence x ■ (0,x2,,..jX ) a cut, then 

{l,Xo,. o. »x^,) must also be a cut; for if (l,x9.... .x_) vjere a 

path then the argument of the preceding paragraph applied to 

this vector would yield 1 « $ (0,x2s... ,xn)  - (|)(l,x2,... ,xn) 

in contradiction with (0,x2,..,,x ) being a cut.  Hence if 

x, " 0 then (j) {0lx2,... ,xn) ■ (i)(l,Xp,... f xn) - 0.  If x1 - 1, 

hence x ■ (1,X2J ... ,xn) a cut, then 0 => $ (l,x2,.,. ,xn) > 

> 0 (0,x2,,..slxn) and again (|)(0,x2,... fxn) = ^{IJXJJS .. 8 (xn) • Ql 

which completes the proof» 

2.7.6.5 Remark. 

Theorem 2.7.6.4 suggests the following procedure for simplifying a 

coherent structure $:  first one lists all minimal paths for (|); 

then one prepares a list of all those components which must 

perform (have value 1) in at least one minimal path.  If this 

list contains all n components of (j) then this structure is 

irreducible.  If a component does not occur in this list then 

that component is inessential and can be omitted. 

2.8 Composition of structures. 

In practical designing of structures it often happens that 

_. 
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the design is prepared in stagesg, so that first a structure of 

order m is conceived, and then for some or all of its ra 

components one substitutes other multi-component structuresc  This 

is for example the case when in planning electric circuits self- 

contained packages of components called BraodulsB are used as 

"components* of a circuit» The formal description of this process 

of superimposing structures is introduced by the following definition«, 

Let V" x... 3..sx )  be a structure of order n  , and 

^-, (y- o •..-; yv. ) a structure of order k. 

f •>-Vrv +%i<>*°t7ir  .LI, ) a structure of ordei k9 

tn^k^V ..o ♦kn.1*l' "' s yW — +kn-l+kn' 

a structure of order k n 

Then the structure 

%-^Y2::-^^^.^_)     - Yifufv^fj 
• o   ■■        --r, 

is called the composition of  ^'3? ^QP"""'' V'r  iü.t-£ V" o 

The blocks of components  (yTiIc,>.sylf ) „  (y,. .-,    yw .,, ) , 

etc., may overlap0  In particularf all of them may consist of the 

same ra components  (y-i B<.O «gy_)s 30 that the resulting structure 

VlMSiy..... 8ym)t ^gCyi.o^yJ.o.., f^v^^^v^  - ^(y^.-yj 

is of order m0 
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One verifies that if / and  /is01'0» ^ n    are ^^ sem^" 

coherent then A is serai-coherents, and if  V j, VT»»«.| Yn    a:re 

coherent then /C is coherent« 

SoSoSc Combination of structures^ as defined in 2o6s is a special 

case of compos:. tionr since (2o6ol) can be obtained by the composi- 

tion of 

into 

(208.2ol)  V!u;vnw) - uv + (l-u)w  , 

One can therefore, beginning with the structure / of order 3 

given in (208.2SI) which is coherent j, and using semi-coherent K 

and \i    of increasing orderss Dbtain exactly the same family of 

structures which can be obtainad beginning with ß »ß,jß« " of 

2^7o5 and proceeding by successive combinations^ 

3u  The reliability functiono 

Sol»  Definition of reliability functionc 

Sololo  As indicated in section I, one of the main aims of the 

mathematical theory of reliability is to evaluate the probability that 

a given structure will perform,,  Having previously discussed forma.l 

properties of structures, we shall now assume that components of 

a given structure may perform or fail in a random manner and 

derive various statements about the reliability of the structureo 



Z.l„2a     Let 0 be a structure of order no We assume that its n 

components are. independent random variables 

each with the name probability distribution 

(:5(J...2a) P • Jx, - ?] - pf      Pr { X^^ - 0j  " 1 - p - q 9 

sc that 

lJl(X) « (J)(x180.0,x„) 

is also a random variable capable of the values 1  and 0o  We 

now define the reliability function of the structure Ö as 

(3ao2u2) hßtp) - Pr [ !J)(X) - l]       E[0{X)] , 

and devote the remainder of this paper to the study of reliability 

functionso 

302c  General r roperties of reliability functions., 

3o3olo  From (2 l.,?...l)t   (3„1.2«2) and (204.1) follows immediately 

(3o2cl)   hfb(p! - >ZZ    A p% - p)n^3 
V       rO   J 

Prom this it is clear that  h^'O)   0 if and only if kQ ~  0 

and 51^(3)   1 if end only if A " 1 „ 

3,202«  If the structure (j) of order n+i is a combination of 

structures >.. and vi    oX  erder n s  then by taking mathematical 

expectations on both sides of (2<,6«1) and making use of the 

independence of X^, „X«» <> = » »X ^  one obtains 
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(3«2o2)     Hpfp) ■ ph^lp) * il p I h S p J o 

302e3,  We now consider structurss obtalnad by composition in the 

following manner. Let ^(x. 9x,8... «xj be a structure of order 

n  ,  I CyTsyrtso'-symJ  a structure of order m t  and let 

v., ,Y2V, 0. c o^sYj^,
y
m+2«>

0 'c l!Y2In," 0• »Y J ti-1 )ni+l9 r(n-l)m+2»0 0 u 1,,fn.m 

bft independent random variabler all .;it,h the sarae probabili':.y 

di stribution 

Pr )1K   » ij       ■  p6 Pr j Y,   '  0 (      « 1 - p - q 0 

Then the structure of order  rua defined by 

X r^     ^--^-r    »w 
01 V (vlt -.^J.fir.,^.-.^?^!^..^^ • 

n+l).3+l»  ^'(.rii5 

• the reliability function 

3c2.3)     ^{p) ■ h^Ch^p) } 

3c2o4o  The reliability functions of most practical structures 

have the following plausible qualitative properties; 

a) MO) - 0 and h(!) - 1 

b) h' (p) > 0 for 0 < p < 

c) hip) < p in some reighboihcod of 0 

h(p) > p  in some neighborhood of 1 

and there is exactly one root of the equation 

h(p) ~ p  in the open interval  (O,-,!) „ 



Necessary and sufficient conditions for (j) to have h* 

wich property a)  were stated in 3o2„le  We shall also obtain 

conditions on a structure (f which are necessary and sufficient 

in order that h*    have property b) , or n more precisely 

defined property c)o  Before doing thiSj, howevei', some intuitive 

comments on these px^operties may be in ordero 

Property b)  telis that the reliability of the structure 

increases as the component reliability p increases8 and is 

encountered for practically all structureSo 

When h(p)  has property c)  we itfill say that Mp)  is 

S-shaped«  since its graph has then the general form indicated 

in Fig. 3e2o4olo  A formal theory of S-shaped functions will be 

presented later, but already in this qualitative discussion 

we may indicate some consequences of h(p)  being S-shapedo 

If h(p)  is S-shaped and equation h(p) ■ p has the root 

0 < p < 1 s then we have h(pj < p and the structure is less 

reliable than any single component as long as p < p t  and 

similarly h(p) > p and the structure is more reliable than 

any single component when p > p  o 

Furthermore j. let (|)(x)  be a structure with an S~shaped 

reliability function h(p) $   and let the sequence of iterated 

compositions of (|) be defined as the sequence of structures 

4^ ■ <? 

(J>2 ■ Mi) 

\. - ft^i) 



*> 

( AeA'&yki^-iA   /«-«^o^Wvi   /< «y.-   cc 6   o^i"   «/    '^ sfX/Utci^/ui } 



^gfcl 
F^.   i,l^ 

•-"*■ -A/ 
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According to 3e2.3e the correapondirg reliability functions are 

h^p) 

h2ip) 

h(p) 

hth.ip3 3 

bk{p) hthj^Cp)] 

Let again h(p) « p  ,  0 < p < L ,  Then it can be seen ay ;.n 

argument indicated by Figure Z,Z^^„ca  that 

hx\v>)  > b2ip) > „oo > hk!p)  > 

hv (p) <  hgCp) < oc. < hjjip) > 

if p < p , 

if P > F  p 

so that by iterated compositions of 0) one can obtain stiiictures 

with reliabilities as close to 1 as desired if the initial 

component reliability is p > p „ bat tending ^.c 3 if p ■' p 

3c2o50 Example.1  k out of n  struct iresu 

It is easily seen that the struct ire described in 2o2eo 

has the reliability function 

(302o5ol)   h(p;k.n) - >II :"'!pj (Up):1"3  o 
i-k 

For n " 1,2,0 0.^ 25,-  the roots p    of the equation 
Kg n 

{3o2s5.2)   h(p?kfni - p s      0 < p < 1       # 

may be read off from Table 3.2SS0 
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Solut io-.i3    i kail 

IABI-E  3.2,5 

of the  aqaation    h(p;kvn)   "  p    for    p  e   (0B15 

A: 2 3 4 b 6 8 9 10 11 12   13 

o .500 
4 a 235 

_,. 

5 „13?. 500 
6 .083 34V 
'■ ,056 256 .500 
8 04 J: . 197 395 
9 .03^: i58 ,322 .. 500 
0 ,025 L29 .268 .42, 

1 ! ,020 103 .228 u36] v500 
L2 JM 032 a. 9? 0 314 .437 

■ 
,0 ; 080 „172 o276 „387 .500 

14 •) i i 070 , 52 ..246 „343 .443 
,010 052 „136 , 22G „Y-l „405 .500 

16 010 055 c 1 22 ,.199 „282 .363 0 4 56 
' ,008 050 , a i u 1 81 „257 »337 .418 ,500 

. ,00- ,045 , 0 .,166 023S ,310 . 335 ,462 
L-9 . 006 041 O092 „153 „213 o 28Ö ,355 ,428 . 500 
20 ,005 037 .085 u141 „202 o 266 „331 398 „46Ö 
y ,005 ,034 o079 o L3i „18S .247 309 .372 .435 o' 500 

23 
,006 032 O073 ol22 «175 0 23^. „289 .,349 „409 „470 
004 030 „058 .  ' oi64 0 217 , 272 , 323 „385 „442 .500 

24 ,004 027 .064 .107 „154 o 204 , 256 „309 „ 363 .418 .473 
25 ., 30^' 025 .. 050 „10;. „145- ,193 .242 c 292 .,343 ,.395 .448  oSOO 

FT    k>| 

Pk n S-      l nJl-k;n 
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This tablü was compated from [4] bj linear interpolition„ except 

for thci case  k • 2     for which (3.2.S.?) '/as solved directly 

and the solution rounded off to three places^ 

For large values of n , and np, n(l-p) both not small, 

the central limit theorem makes it possible to replace (SePoö,!) 

by !:he approximate equality 

h(pjk,n) » 1 -  $(uj 

where  $ (u)  is the area under the normal probability curve 

fror.:  oo  to U and 

u "     (k-np) / \/np(l-p) 

?o3, Theory of S-shaped functions, 

3,3clo Definitions. __ 

3.3elo2o We shall say that the function fip)  belongs to class JL 

when it satisfies the following conditions 

(i)    f{p)  is continuous and  0 < f(p)  < 1  for 0 < p < 1 and 

f{p)  is differentiable for 0 < p < 1 , 

(ii)  the function 

fenn 

is non-decreasing. 



[ 
3^3ol^20  We say that f{p)  belongs to class J when it satisfies 

(i) and 

(ii1)    (r£.tp)  is strictly increasingi; 

liii)    f(0) - 0 , .f(l) - 1 o 

3o3ul„3o We say that f(p)  belongs to class  jr   when it belongs 

to jf  and satisfies the condition 

(iv)     o>'p)  assumes the value 1  in 0<p<l e 

3„3„2,  Remarks« 

From the definition of Cp follows 

(303o2...1)   f - 1-—^ " —\~Z l-p+pcr-   1 + i^o 
POf 

hence a function f e JL is strictly increasing for every  p 

such that  0 < ff-Cp) < 00 u 

Clearly (rf(p) ■ ]  for exactly those p for which f(p) - p „ 

Since for f e X the function  o~(pI  assumes every value at 

most oncen it follows that jT  consists of exactly those f e x o 

for which the equation f(p) ■ p has a unique root in 0 < p < lo 

Let f e V  and f (p'v) - p* v     0 < p* < 1 9   hence 

crf(p) < 1 for p < p"~ 8  ^{p^ > 1 for p > p^ „  From (3U3„201) 

we see that  f(p) < p for p < pV „     f(p) > p for p > p  o 

The functions of class Y       are therefore  S~shaped in the sense o 
of 3,2e4o 

Let now    f e    £   „     If    f(0)  > C    then    G^[0)   -  +co   ,     hence 

crf(.p;   -  +oo     for    0 < p < 1    and according to   [Zc.2>c2i>l)     f(p)  m 1 

for    0 < p < ,l   0     If    f SI)  < 1     then    af(l)   = 0   ,     hence     ^(p)   « 0 
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and  f(p) «0 for 0 < p < 1 „  A function f e ^ therefore is 

either identically 0  , or identically 1  „ or it maps the closed 

interval  COtl]  orfethe closed interval [Ojl] 

need not be one-to-one s, as shown by the example 

This mapping 

f(p) - 

0 f or 0 < p < | 

4(p-|)2    for ^ < p < 1 

SoS^So  Theoreme 

Let f,g e x and at least one of ffg /s neither identically 

0 nor identically 10  Furthermores let either 

or 

a) 

b) 

f(p) > FAP)     for 0 < p < 1 and at least one of fsg^n X 

f(p) > g(p)  for 0 < p < 1  „ 

Then the function 

(3o3,30l)  h(p) - pf(p) *■   (l-p)g(p) 

is in x 0 

Proof:  one veriiles directly fchat h  satisfies (i) and (iii) 

To prove (ii?)( that is  eßlp) > 0 for 0 < p < 1 , we shall 

prove the equivalent statement 

(3o3.3«2j p(l-p) h' > h{l-h)   for 0 < p < 1 0 

Prom (363,3.1) follows 

p(l"P)h? - pp{l-p)f' * (f-g)p(l-p)+(l-p)p(l-p)g« 

h(l-h) - pf(l^f) ♦ p(l"p)(f»g)2 ♦ (l.p)g(l-g)  0 
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Since f,g e Y  we have p(l-r)f' > f(l-f) , p(l-p)g, > g{l-g) , 
a) and in case   at least one of these inequalities is strict, and 

2 t>) 
we have 0 < f ~ g < 1 hence f-g > (f-g)  »  In case  ' we have 

f-g > (f-g)2 for 0 < p < 1 , so that {3o3„3o2) holds in either 

caseo 

303„4c  Theorem. 

If f,g £ X r then h(p) - fLg(p)] e JL    0 

Proof;  properties (i) and (ili) for h are obviousB and  (ii') 

follows from 

o-h(p) - crf[g(p)] "     o'g(p) 

3:,4(,  Mean path and mean cut,:. 

3o4«l.  Let X- (X^jXgje..,^)  and (J)(X) - »XXj,.,„. tX )  have 

the samen»8ning as in 3clu2f and let 

S » S(X) - xl + x2 ^ 600 ♦ xn 

be the size of the random vector X  , ice,, the number of 

components which perform.  Then S is a random variable with the 

^noraial distribution,,  ft) a random variable with the probability 

dxstribution Pr [ (|i ~ l/ - h(p) , Pr [ () ■ OJ   - l-h(p) , but 

S  and (f) are dependent rando a variables.  It is natural to 

consider the conditional expecr-ations 

E(S | $ « 1) - L(p) 

E(n - S | 0 - 0) - W[p) 

and to call  L(p)  the mean path,,  W(p)  the mean cut for the 

structure db 



3.4c. 2.,  Theorerno 

In order that the reliability function h of a structure 

of order n is strictly increasing for 0 < p < 1 it is 

necessary and sufficient that 

(3 4 2,1)       Up) * W(p) > n , 

This   CiOndition  is  equivalent v;ith 

3,4,2c2)        cov   (S,   0)  > 0     . 

Proof;  we shall prove somewhat more specifically that for any 

fixect  p,  0 < p < 1,  each of the c mditions (3o4,2,l), (3t4o2o2) 
i 

is necessary and sufficient to have h^Jp) > 0 

Writing h  in short for h^  we have from (3„2c,l) 

[3.4„233] 

h?(p) " Trrfrrr l Z— 3 A pJii~p)n-J-np >_ A pJ(i-p)n"J] 

» TTT^T C  ^ 3 ^   ' E(S)E(l|))   ]  - P,X-p; 

which shows that {3,4u2o2) is equivalent with h*\p) > Ü o 

Since 

and 

Ell)) ™-^ J i -jP u p'       Efd) (Pi JO    J 
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we obtain 

(;5o4.,204} 

Up)   * W(p) 

n * rrfrfftiTpTT 

n^Mfidf 

so that (304,2,1) and (3o4a2o2) are equivalentc 

3o4o3^  Theorem,, 

Let  (}) be a structure of order n and  h(p)  its 

reliability function.,  In order that  ^vJp)  is strictly increasing 

it la necessary and sufficient that 

(3,4.3.1)  Lip) <- W(p) > n + 1 

and this condition is equivalent with 

(3o4l,3o2)  ccvfS - $ 9 (j)) > 0  „ 

Proof:  we have seen in 3.3a3<> that  ""h-P' ^ ^ at- a point p  0 

0 < p < 1  , is equivalent with inequality (3.,3c3^2)c.  From 

(3. 4,':,3) follows 

p(l-p)hs(p) - E(S0) - E(S)E(0) « cov(S8$) 

and since 

h(p)[l - h(p)] = var((|)) 

inequality (3o3o3o2)is equivalent with 

cov{S - (pf.  (p) --' cov(S9(!>) ■ var((jp) > 0  0 

From s, 3 0 4 „ 2 „4 ) follows 

L(p) ( w(p) . n + , . gfjjfe^ 

which shows that (3.. 4 ..Sol) and (3 „4 „So 2) are equivalents 
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3o5o  Structures coherent in probability,, 

3o5ol0  Let  0 and  3 again have the same meaning as in 3*40 

We shall say that a structure  vj) of order n is coherent in 

probability when 

(a) Pr   £(1) - 1   |  S - k/   < Pr   [^-I'S-k* l}    for k^O^l, 

(b) Pr    [$ - 1   !   S  - o/    •   0     (,  Pr    [0 - 1   !   S  =  n}    - 1  o 

3.,5U2       Theorem. 

A structure is coherent in probability if and only if its 

path-numbers satisfy the inequalities (20704-J2} and C2o7.4ol)s, 

and  A  - Os A, - 1 o 

Proof;     slice    Pr    {d) -  1;   S - k/   - Äkpk(l-p)n"k 

Pr    [S  -  k|     -   (")   pka«p)n"k   r   we have 

and 

Pr { I - 1 I S - k } - Ak / (?) B k - 0, o 9n 

,n-l g 

for any structure, and our thecrom follows immediatelyo 

3a5„3,  Corollary, 

If a structure is coherent, then it is coherent in probability^ 

This follows from 3,5,,9 and 2,704.  The converse statement 

is not trues as shown by the example of 2,7,lsol0  The structure 

of order  3 described there satisfies i2o7c402) hence is 

coherent in probability, but is not even semi-coherent,, 

3.5.4,  Theorem,, 

If Q)  is coherent in probability then its reliability 

function h(p)  is non-decreasing for 0 < p < 1 



Proof;  from {3U201) xve have 

n-1 

and by 3o502 and (2.7.4S1) we obtain h»(p) > 0 

(305c4„l)  h'(p) - >_ Uj + 1) A   - (n~i)AJpJU^p)1 

,«0        J A        J 

3o6o  Reliability functions of semi-coherent and coherent structures; 

306010  Theorem,, 

If (j) is a setni-c-iherent structure then either h* a 0  , 

or hA ^ 1 j  or h* 2. p r    or h* e x  , 

Proof;  to use induction on the order of <h ( we first 

considei  n"lo  The three possible structures ßfsf'isßg  0^ 

order 1  listed In 207o3 have the reliability finotions 

0»ps*»f  respectively.  We row assume our stateraeit to be true 

for order n  8 and consider a semi-coherent structure (j) of 

order n+lo  According to 2o'.,.2 we have 

(3o6olol)  <l>(X1,0.,,XnPXn+1) " Xn+]LMX19„0.,Xn) ^ 

with  A. and p. semi-coherent of order n ard 

X-lX-g,,.^,,) > n{X1slo..,X )  for all  (X, Voco,X ) „  From 

{3o2.2) we have 

hßlp) - p hx(p) + (1-p) h^fp)  o 

If MXjS.o.9XR) - n{X1go<,.,XnJ  for all  (X,fjoco,Xn)  then 

hAfp) ■ ^-x^P^  ^or ^ ^ P S ^ and  our statement is true by the 

assumption of induction.  If MX, a. „ „ ^X ) > n.(X^ ., „ „. ,X ) for 

some value of  (X, , „», .X,.)  then h^ip) > h, ip)  for. 0 < p < 1 

and hA e JL   according to 3oC'io3o 



3O&ö2O Corollary0 

If 0 is a coherent structure then either 

h^Cp) m  p or h^ E f 

This follows ifamediutely from 3.6ol by observing that for (j) 

coherent h{0} ■ 0 and h(l) ■ 1 hence h is neither identically 

0 nor identically lo 

3;. 6o3t,  Theorem.. 

Tf (j)  is a coherent structure, then h^ e J ,  if an<i 

only if A. » 0 and Ay 

Proofs     since  for    (!)     coharent     A  "0,.   A  ■ o n 

(.■ 

we have 

"A4pJ(l-p>n"J 

oUP)   - 1"-L   " 
n- 
> i:(J)-A1]p1(i"P) 
i"0 

n i 

> 'A.pJ  ^(l-p)" J 

n-1 
Ln-1-1 

i"c 

amd 

-.Am      o^Cp)   - 5^^ ■  A, 
p —s> Qg 

(3o6o3„l) 
A 

lim      crh(p)   - --—   ^ rmc 
n-1 

For     h* e X   the  function     ff. (p)     is strictly increasing and it 

assumes  the value     i     in    0 < p < 1 if and only  if 

lim     OfcCp)  < 1     and lira    crh(p)  > i    iifhich together with   (30603„1 
p —>■ c p —*" ] 



-■'^\  J«a 

shows that  A„ * 0 ,,  A  , * n  <, 

30 604t,  Inequalities for h(p)  in terras of length and widtho 

Let JC   and w denote ".he length and the width of a structure 

Q     , as defined in 205o  Then A^^ - 0 for i - Ojl,.».', /- 1, 

and A. ■ 0 for i " n-w+1,,.«. ,ng  so that the r®liability function 

h of $ can be written 

(3.6o40lJ  h(p) - >Z  A.pM, -p)1"1'1 - 1 - >^ A^ pi(l»p)n-i 

This immediately yle?ds the inequalities 

(3o6.402)  A/p
/(l.p)n ^ < h p) < 1 - A^wp

n"wC^p)w 

which show that for p—»-0 the ftju.\ction h(p)  tends to 0 

not faster than  p  B  that is not faster than in the case of 

components in series; and for p—*-l  it tends to  1 not faster 

than  i - (1-p)  j  that is not faster than in the case of w 

parallel components,. 

Inequalities (3o6o4ol) hold without any assumptions on  0  0 

If $  i£ coherent« v^e have inequalities (2o7»4o2) from which 

one obtains 

Aj > *•" •   A^ for t - /, /*  l9...9n 
it,) 

and 
i     \ 

A'i " "TnT An"W  fcr i" -Osl^-s""« 
V 

From these  inequalities and   (3<,6o4ol)   follow the boiinds  for    h(p) 

A * 
(306o4.3)  -f^Z  (J)pi(l-p)nÄi <h(p)   < 1  » -5=» If  f?)p1(l-p)n-1 
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^Sgi 

shows that  A, =* 0 n n 

306040 ICnequalities for h(p)  in terras of length and width« 

Let ,£ and w denote 'ühe length and the width of a structure 

0  g as defined in 2, 5o  Then  A^ " 0  for i - 09l,..o« /- 1« 

and k^ ** 0    for i «a n-w+l,,., ,n8  so that the reliability function 

h of (p    can be written 

n n--w 
(3o5c4oi:  hip) ■ >, A.p1{l-p)n'"i - 1 = >__ A; o'-d =p) 

1^2    x i-o 
n-.i 

This  iromediately yields the  inequalities 

< h(p) < 1 - A^wp' (306.4o2)  A/p
/{l^p)n~/ -n-w'  ^w 

which show that for p—s-C the function h(p)  tends to 0 

not faster than p s     that is not faster than in the case of 

components in series; and for p—>)  it tends to i  not faster 

than 1 - {l-p)w 9  that is not faster than in the case of w 

parallel components,, 

Inecualities (3o6o4al) hold witiioat any assumptions on (|) 

If (f) i£ coherent., we have inequalities (2l.7i>4.o2}   from which 

one obtains 

and 

i n v I. J 

i — ,n.  n-vr 
vwl 

for I • /,$   ./*  1(, ocosn 

for i ■ 0.1 „ o o. o n-w 

From these inequalities and (3o6o4ol) follow the bounds for  h(p,i 

{3ü6o4.3) _Ä 'S  ills 

V 
J* ZZ (?)pi(l"P)n"1 < h(p) < 1 - -5= 
?) i-/ :L ("} 

An=ag (^p^i-p)0"3 

XT) W"  i 
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3,6.5, Qualitative remarks. 

In 3.2.4 we described some properties of reliability functions 

which appeared desirable for practical structures. The preceding 

theorems tell us what kind of structures have these properties: 

If $ is coherent then h* has properties a' and  ' of 3.2.4 

according to 3,6o2), Furthernore, if ({) is coherent then the 

conditions on path-numbers A1  =" 0, A , ■ n characterize it as 

having a reliability function h* of class      9 hence 

S-shaped and lending itself to the process of iterated compositions. 

The class of coherent structures is very large. It contains 

among others the two-terminal networks whose reliability has been 

studied by Moore and Shannon in their fundamental paper [1] and 

all k out of n structures. 

. 
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